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Abstract

Background: Kruskal-Wallis H test from the bank of classical statistics tests is a well-known nonparametric alternative
to a one-way analysis of variance. The test is extensively used in decision-making problems where one has to com-
pare the equality of several means when the observations are in exact form. The test is helpless when the data is in an
interval form and has some indeterminacy.

Methods: The interval-valued data often contain uncertainty and imprecision and often arise from situations that
contain vagueness and ambiguity. In this research, a modified form of the Kruskal-Wallis H test has been proposed for
indeterminacy data. A comprehensive theoretical methodology with an application and implementation of the test
has been proposed in the research.

Results: The proposed test is applied on a Covid-19 data set for application purposes. The study results suggested
that the proposed modified Kruskal-Wallis H test is more suitable in interval-valued data situations. The application of
this new neutrosophic Kruskal-Wallis test on the Covid-19 data set showed that the proposed test provides more rele-
vant and adequate results. The data representing the daily ICU occupancy by the Covid-19 patients were recorded for
both determinate and indeterminate parts. The existing nonparametric Kruskal-Wallis H test under Classical Statistics
would have given misleading results. The proposed test showed that at a 1% level of significance, there is a statistically
significant difference among the average daily ICU occupancy by corona-positive patients of different age groups.

Conclusions: The findings of the results suggested that our proposed modified form of the Kruskal-Wallis is appro-
priate in place of the classical form of the test in the presence of the neutrosophic environment.
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Introduction about data’s normality, and a few tests require the equal-

Hypothesis testing is a scientific process used to investi-
gate the acceptance or rejection of a proposition under
consideration. Two approaches are used in statistics
to verify a hypothesis: 1) Parametric approach 2) Non-
parametric approach. The most important aspect of the
parametric approach is the satisfaction of the assumption
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ity of population variances [1]. In most situations, the
distributional assumption under a parametric test hardly
satisfy, and the use of nonparametric or distribution-
free tests is a common practice [2, 3]. However, all such
nonparametric tests apply to data containing deter-
mined observations. In real life, there are various sce-
narios where we have non-precise data, and in such
cases, the existing hypothesis testing approach based on
classical test statistics cannot be implemented. Recent
studies have suggested nonparametric tests based on
interval-valued data and fuzzy logic [4]. Smarandache
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[5] generalized the fuzzy logic in the neutrosophic sense
by considering the interval-valued data and the measure
of indeterminacy or falseness. Smarandache introduced
Neutrosophic Statistics as a generalization of classical
statistics applied when the data under consideration is
in neutrosophic numbers [6]. Smarandache and Khalid
[6] verified the efficiency of neutrosophic logic. Several
authors have implemented neutrosophic logic for data
containing uncertainty and vagueness; see ref [7—11].

Furthermore, several authors have developed statis-
tical tests to analyze fuzzy data; see, for example, refs
[12-15]. Also, in fuzzy logic and neutrosophic statistics,
several research works have been contributed by intro-
ducing decision-making analysis for the data set contain-
ing uncertainty and vagueness [16—18]. Recently, Aslam
introduced different statistical tests using Neutrosophic
Statistics, including the tests of homogeneity of variance
for uncertainty environment, the goodness of fit test in
the presence of uncertain parameters, and the Kolmogo-
rov-Smirnov tests under uncertainty [19-21].

In 1952, Kruskal and Wallis [12] provided a robust
rank-based test for the k sample problem as an alterna-
tive to the parametric approaches, such as the one-way
analysis of variance (ANOVA). Kruskal-Wallis H test has
been used for analysis purposes in various manners; for
example, see refs [13—18]. In the classical k sample prob-
lem, data are determined and do not contain any ambi-
guity or vagueness. However, in many current scientific
studies, the observations are not necessarily relentless,
and indeterminate parts quantitatively express the uncer-
tainties in a sample. The existing Kruskal-Wallis H test
cannot be used to investigate the data which is measured
in the neutrosophic intervals. A detailed literature review
has given a shred of clear evidence that no such test is
available that can be useful as a nonparametric alter-
nate for ANOVA under an indeterminate environment.
The unavailability of a method for the said purpose is a
source of motivation for the current research. The goal is
to develop a test that compares several sample observa-
tions or group(s); the proposed test is easy to apply and
understandable. The proposed modified Kruskal-Wallis
test results in the interval-valued form and is prefer-
able for data containing vagueness and uncertainty. The
objectives of this article are (1) to introduce the modified
neutrosophic Kruskal Wallis test; (2) to define the meth-
odology of the neutrosophic Kruskal Wallis test; and (3)
to compare the performance of the existing Kruskal Wal-
lis test with the proposed test through an application on
Covid-19 data set under Neutrosophy. More information
about the application of neutrosophic statistics can be
seen in [22-24].
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The article is planned as follows. Section 2 presents the
computational method for the application of the neu-
trosophic Kruskal Wallis test. In section 3, the modified
Kruskal Wallis test has been demonstrated with an elo-
quent example of the Covid-19 data set for scrutinizing
its efficiency and competence. It is anticipated that the
modified nonparametric Kruskal Wallis test will pro-
ficiently analyze the data in the presence of uncertainty
and vagueness as compared to the existing Kruskal Wallis
test under classical statistics. Finally, the results are dis-
cussed and generalized with some conclusive remarks.

Computational method of the modified Kruskal
Wallis test under uncertainty

In Classical Statistics, nonparametric tests are meth-
ods of statistical analysis that do not require a distribu-
tion to meet the assumptions necessary to be analyzed.
These tests apply to non-normal data sets. Due to this
reason, they are sometimes referred to as distribution-
free tests. The basic purpose of suggesting the Kruskal
Wallis test is to scrutinize that all independent sam-
ples containing neutrosophic observations come from
neutrosophic populations with equal means imply-
ing that the populations under uncertainty are identi-
cal. The proposed nonparametric test is applicable for
data where the measure of uncertainty or the measure
of falseness has been recorded. Suppose Xy =ay+ byly;
Xye€ X, Xyl is a neutrosophic number where the first
part represents the measure of determinacy and the sec-
ond part represents the measure of vagueness or uncer-
tainty. For Iye[l;, I;]=0, the neutrosophic number
reduces to a random variable under classical statistics.
The neutrosophic variable X, represents the neutro-
sophic sample obtained from the population containing
imprecise, uncertain, and indeterminate observations;
for detail, see ref [5].

Modified Kruskal Wallis H test

Under Classical Statistics, the Kruskal-Wallis H test is
used to test the null hypothesis that all k independent
samples come from populations having equal means
against the alternative hypothesis that at least one popu-
lation varies. The existing nonparametric test is a gener-
alization of the two-sample Mann-Whitney U test. It is
an extremely useful test when the assumptions of nor-
mality do not hold, or the population variances are not
equal, but helpless for data under uncertainty. The modi-
fied Kruskal Wallis test under uncertainty will be applica-
ble under the following assumptions:

1. The data consists of uncertain, imprecise, and inde-
terminate values.
2. The neutrosophic samples must be random.
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3. The two neutrosophic samples must be mutually
independent.

4. The test is generally considered robust to ties, but if
there are ties in the data set, they shouldn’t be con-
centrated together in one part of the sample.

Suppose we have &k, independent neutrosophic
samples of sizes nyy, Myny ..o My Oomjpy=Hy). Let
Xin Kiino Xiony Xisnp -+ Xin) represents the neutrosophic
observations of the ith sample. To perform this test under
uncertainty, arrange all the n,, observations containing
uncertainty of the ky samples combined in ascending
order of magnitude and assign the ranks to them. In the
case of ties, assign the average of the ranks. To distin-
guish the neutrosophic sample observations, let the let-
ters Ay, By, Cy, .. represent the sample observations of
the first, second, and third neutrosophic samples, respec-
tively. The observations of the neutrosophic samples are
replaced with their corresponding ranks. Add these ranks

for each sample and denote the sums by Ry, Rypy -..r R
Now compute
Sin = Z ﬁ Ry € [Ry,Ryl; nn € [, nuls kn € [ki, ku]
i=1 "
(1)
and
2 2 .
Siv =D i @)

ij

where 7y is the rank assigned to neutrosophic observa-
tion X;;n; X € [Xj1, X/l 1f there are no ties, then

ny(ny +1)2nun +1)
6

2 _
SrN_

3)

The modified Kruskal-Wallis statistic Hy; Hy € [H;, H;]
is given by
(nn — 1) (Sgy — Cn)
Hy = 5
(SrN - Cn )

(4)

where Cy; Cye[C;, Cyl denotes the appropriate correc-
tion term given by

2
Cy = W (5)

In case of no ties, the neutrosophic statistic Hy
becomes

2
1253,

= D 3(ny + 1) (6)
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The neutrosophi form of the proposed test
Hye[H;,Hy] can be expressed as follows

Hy = Hp + Hylnm; Inn € Upa, lun] (7)

Note here that the proposed statistic Hy € [H;, H;] is a
generalization of the existing test under classical statis-
tics. The first part H; shows the determined part, H;
denoted the indeterminate part and Iy, € [I;;, 1] is the
measure of indeterminancy/uncertainty. The proposed
test reduces to the existing test when I, ;; =0.

The neutrosophic Kruskal Wallis H, test is used to test
the null hypothesis that all k5, populations have identical
distributions. For a large value of the test statistic under
uncertainty is rejected. For example, only three samples
have five or fewer neutrosophic observations; the signifi-
cance of this test statistic is determined by using Kruskal
and Wallis” Table [19] having critical values for all com-
binations of sample sizes up to 5,5,5. In case one of the
neutrosophic samples contains more than five observa-
tions, or there are more than five observations in each
neutrosophic sample and the null hypothesis is true, the
neutrosophic test statistic Hy, follows a chi-square distri-
bution with (k-1) degrees of freedom.

Application of the proposed modified Kruskal
Wallis H test

For applying the proposed neutrosophic Kruskal Wal-
lis test, data representing the daily ICU occupancy by
Corona-positive patients have been considered, which
was recorded specifically from Pakistan. The hypothesis
under investigation for the research is to test a statisti-
cally significant the difference in the daily ICU occu-
pancy of Covid-19 patients based on their age groups.
Neutrosophy or uncertainty is introduced in the data for
a better illustration. The neutrosophic Kruskal Wallis test
is applied to test the null hypothesis that there is no dif-
ference in the daily ICU occupancy of Covid-19 patients
among different age groups in Pakistan during December
2020. Daily ICU occupancy of Covid-19 patients aged 55
and above are shown in Fig. 1, Daily ICU occupancy of
Covid-19 patients aged 35-55 are shown in Fig. 2 and
Daily ICU occupancy of Covid-19 patients aged 35 and
below are shown in Fig. 3.

The neutrosophic null and alternate hypotheses for
neutrosophic data given in Table 1 are: The average daily
ICU occupancy of Covid-19 patients for all three age
groups are equal against the alternative hypothesis that
the average daily ICU occupancy of Covid-19 patients for
at least two of the three age groups are not equal. Table 1
contains data on daily ICU occupancy of Corona-positive
patients by three different age groups. By combining and
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Table 1 Daily ICU occupancy of Covid-19 patients in Pakistan in
December 2020

Day/Age 55 and above 35-55 35 and below
1 [443, 450] [359, 361] [460, 465]
2 [421,426] [352,365] [427,429]
3 [436,450] (445, 455] [407,410]
4 [376,385] 410 [378,380]
5 [458,458] [458, 464] [364, 368]
6 [408, 420] [410,415] [345, 349]
7 [422,425] [463,470] [342, 346]
8 [431,440] (580, 584] 345

9 [459, 462] (432, 440] [313,318]
10 369 379 [277,280]
11 360 370 [268,271]
12 [431,445] [584, 589] [259, 262]
13 [403,415] [410,416] [256, 260]
14 [436, 445] [587, 590] 251

15 376 415 249

16 370 [419,422] [223,227]
17 443 357 [209,211]
18 445 [467,472] [187,191]
19 [355, 365] [415,418] [173,175]
20 450 358 168

Source: Our World in Data COVID-19

arranging the data in ascending order and assigning ranks
to them, it is found that ties exist in the neutrosophic data
set for both determinate and indeterminate parts. There-
fore, the neutrosophic statistic is given in (4) applies to
this data set containing the measure of uncertainty. Here
R\y=1[757.5,766.5], Ryy=1775.5,767], Ry\=1297,296.5],
where Ry, R,y and Ry represents the sum of ranks of
age groups 1, 2, and 3, respectively.
From (1) and (2), we have

Sty = N — [63170.78,63186.18]

i=1 "N
and
Siv =Y roy = [73803.5,73802]
J
From (4)

ny —1)(S2, - C

Hy = 2)( v =N _ [24.12,24.17]

(SrN - CN)

PN — value = [0.000011,0.000011]
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Assuming the level of significance to be 1%, the criti-
cal region is Hy>x%01,=9.21. Since the calculated
value of test statistic based on neutrosophic obser-
vations lies in the critical region (p-value < a), we,
therefore, reject the neutrosophic null hypothesis and
conclude that daily ICU occupancy of different age
groups of Covid-19 patients is not equal.

Advantages of the proposed test

In this section, the efficiency of the proposed test
Hye[H;,H,] will be compared with the existing test
under classical statistics in terms of a measure of
uncertainty. As mentioned earlier, the neutrosophic
Hy=H; +Hdy; Iy € L Iyl has consisted of deter-
minate (the existing test) and indeterminate parts. The
neutrosophic form of Hye[H;,H;] for the real data
is expressed as: Hy=24.12+24.171;; Iyy<[0,0.002];
where the first value 24.12 shows the results of the exist-
ing test when I;;; =0 and 24.17I; is an indeterminate
part. Note that the measure of indeterminacy associated
with the test Hy e [H}, H};] is 0.002. From the study, it can
be seen that the proposed test the result of the test statis-
tic in the range of 24.12 to 24.17. On the other hand, the
existing test provides only the determined/exact value of
the test. In addition, the proposed test Hy € [H,, H};] gives
information about the measure of uncertainty. Based on
the information, the proposed test can be interpreted
as follows: when the level of significance a =0.05, the
chance of rejecting the null hypothesis when it is true
is 0.05, the probability of accepting the null hypothesis
is 0.95 with the chance of uncertainty of 0.002. From
the comparisons, it can be concluded that the proposed
test Hy e [H;, H;] gives more information about the test.
In addition, the proposed test is flexible, adequate, and
effective to be applied in uncertainty as compared to the
existing test.

Conclusion and discussion

This article proposed the modified form of the rank-based
nonparametric Kruskal Wallis H test for observations
containing the measure of uncertainty or the measure-
ment of falseness when comparing k samples. It is evident
from Table 1 that uncertain data used for the illustration
purpose reduces to the determined part under classi-
cal statistics if no observations of uncertainty are logged.
For example, for sample one, the first observation 443
for the first group represents the determinate part of the
indeterminate interval. The second value, which is 450,
represents the indeterminate part of the interval. We can
observe here that the modified Kruskal-Wallis test results
in the indeterminacy interval rather than the determined
values, and this implies that the proposed test provides
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a good measure of uncertainty. Recent studies also show
that the methods dealing with the interval-valued data
are more suitable in the indeterminate environment than
classical statistical techniques [25, 26]. The work was
originally motivated by the extensive research work under
the fuzzy logic and neutrosophic statistics used for the
interval-valued data set. The proposed nonparametric test
can be readily applied to compare k samples testing the
hypothesis that they have equal means.

The application of this new neutrosophic Kruskal-
Wallis test on the Covid-19 data set showed that the pro-
posed test provides more relevant and adequate results.
The data representing the daily ICU occupancy by the
Covid-19 patients were recorded for both determinate
and indeterminate parts. The existing nonparametric
Kruskal Wallis H test under Classical Statistics would
have given misleading results. The proposed test showed
that at a 1% level of significance, there is a statistically
significant difference among the average daily ICU occu-
pancy by corona-positive patients of different age groups.

The modified Kruskal Wallis test can be used to com-
pare the averages of several sample observations or
group(s); the proposed test is easy to apply and under-
standable. The Neutrosophic Kruskal Wallis test results
in an uncertain interval, which is ideal when the data is
measured from the complex system. The application of
the proposed test is recommended for different fields,
including biomedical sciences, engineering, and many
other statistical areas. On the other hand, applying non-
parametric tests under classical statistics on the data
containing vagueness can produce misleading results. In
conclusion, the proposed neutrosophic nonparametric
test provides an efficient tool to data analysts for analyz-
ing k samples in the presence of uncertainty and inde-
terminacy. However, more properties of this modified
Kruskal-Wallis test can be derived for future research.
The evaluation of the proposed test using different meas-
ures can be studied as future research.
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